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Tautological Rings of Fibrations
Nils Prigge
Abstract. We study the analogue of tautological rings of fibre bundles in the
context of fibrations with Poincaré fibre, i.e. the ring obtained by fibre integrating
powers of the fibrewise Euler class. We approach this ring of characteristic classes
using rational homotopy theory. More specifically, we discuss a cdga model for
the universal fibration and chain level representatives of fibre integration and the
fibrewise Euler class. This is particularly useful for rationally elliptic spaces and
as an example we compute the tautological ring for complex projective spaces and
products of odd spheres.
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1 Introduction
Consider a fibration X ֒→ E π−→ B where all spaces are Poincaré duality spaces and assume
it is oriented, i.e. that Hd(X) is a trivial π1(B)-module where d is the formal dimension of X.
Then the diagonal ∆ : E→E ×B E has an Umkehr map ∆! = D−1E×BE∆∗DE : H∗(E)→H∗+d(E ×B E)
whereDE andDE×BE denote the corresponding Poincaré duality isomorphisms. We can define
the fibrewise Euler class as
efw(π) := ∆∗∆!(1) ∈ Hd(E). (1.1)
This definition can be extended to to all oriented (Hurewicz) fibrations with Poincaré fibre X
[HLLR17]. In particular, one can associate a fibrewise Euler class to the universal oriented
X-fibration
X ֒→ BhAut+∗ (X) π−→ BhAut+(X), (1.2)
which classifies oriented fibrations with fibre X [Sta63, May75]. Here, hAut+(X) denotes the
topological monoid of orientation preserving homotopy automorphism of X and hAut+∗ (X) is
the submonoid of homotopy automorphisms fixing a base point.
Ifwe assume thatX is an orientedmanifold andπ : E→B is an orientedfibre bundle, then the
fibrewise Euler class agreeswith the Euler class of the vertical tangent bundle TπE→E because
this vector bundle is equivalent to a regular neighbourhood of E ֒→ E ×B E. Hence, the
characteristic classes obtained by fibre integrating powers of the fibrewise Euler class agree
with the generalized Miller-Morita-Mumford classes κei+1 := π!(e
i+1(TπE)) ∈ Hi·d(B), where
π! : H∗(E)→H∗−d(B) denotes fibre integration. These classes can be defined for fibre bundles for
all c ∈ H∗(B SO(d)) analogously as κc := π!(c(TπE)) and the subring ofH∗(BDiff+(X)) generated
by the generalizedMMM-classes of theuniversalX-bundle is called the tautological ring. It has
been originally introduced for surfaces [Mum83] and more recently for higher dimensional
manifolds [GGRW17, Gri17]. In both cases, it has been an area of fruitful research and
motivated by progress on tautological rings of high-dimensional manifolds [RW18, GGRW17,
Gri17] we want to study the tautological ring of oriented fibrations with Poincaré fibre,
obtained by fibre integrating powers of the fibrewise Euler class.
A rational oriented Poincaré duality space of formal dimension d is a pair (X, εX) where
X is a connected space and εX : Hd(X;Q)→Q is a linear map such that (H∗(X;Q), εX) is an
oriented Poincaré duality algebra, i.e. the pairing
Hq(X;Q) ⊗Hd−q(X;Q) ⌣−→ Hd(X;Q) εX−→ Q
is non-degenerate for all q.
Definition 1.1. Let X be a rational oriented Poincaré duality space of formal dimension d.
The Euler ring E∗(X) is the subring ofH∗(B hAut+(X);Q) generated by the generalized MMM-
classes
κi := π!(efw(π)i+1) ∈ Hid(B hAut+(X);Q),
where efw(π) ∈ Hd(B hAut+∗ (X);Q) is the fibrewise Euler class of the universal oriented X-
fibration.
One can also define the Euler ring E∗CAT(M) for smooth or topological fibre bundles (or the
corresponding block versions) for M ∈ CAT as the subring of H∗(BCAT+(M)) which is the
image of the Euler ring under the pull back along BCAT+(M)→BhAut+(M).
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1.1 Algebraic models of fibrations. There are essentially two different algebraic approaches
to rational homotopy theory, using either the Quillen equivalence of the category of 1-
connected rational spaces of finite type with the (opposite) category of 1-connected com-
mutative differential graded algebras, or with the category of connected differential graded
Lie algebras of finite type. These two algebraic categories are Quillen equivalent with right
adjoint given by the the cdga of Chevalley-Eilenberg cochains C∗
CE
(-;Q) of a dg Lie algebra.
Since BhAut+(∗)(X) is not 1-connected in general, we start by studying theuniversal 1-connected
X-fibration
X ֒→ BhAut0,∗(X) π−→ BhAut0(X), (1.3)
for a simply connected space X, where hAut0(X) and hAut0,∗(X) denote the respective con-
nected components containing the identity. Sullivan proved in [Sul77] that for a 1-connected
space of finite type with minimal Sullivan model (ΛV, d) the dg Lie algebra Der+(ΛV) of
derivations is a Lie model of BhAut0(X). However, in order to compute the Euler ring we
need to know an algebraic model of the map BhAut0,∗(X)→BhAut0(X). Tanré gave such a
description in [Tan83] in the category of dg Lie algebras. More precisely, let L = (LV, d) be
a minimal dg Lie algebra model of X. Then the adjoint ad : L→Der+(L) is a dg Lie algebra
homomorphism and the mapping cone Der+(L) / ad L can be given the structure of a dg Lie
algebra. Tanré showed that isomorphism classes of semidirect products of dg Lie algebras
L ⋊ L′ are in a 1-1 correspondence with maps ϕ : L′→Der+(L) / ad L, and that the semidirect
product corresponding to the identity
L −→ L⋊id
(
Der+(L) / ad L
) −→ Der+(L) / ad L (1.4)
is a dg Lie algebra model of (1.3). We can apply C∗
CE
(-;Q) to this sequence to get a cdga model
of (1.3). Our first result is an analogous description of (1.3) in the category of cdga’s in terms
of a Sullivan model of X.
TheoremA. Let X be a 1-connected space of finite type with minimal Sullivan model (ΛV, d) and unit
η : Q→ΛV. Then
C∗CE(Der+(ΛV);Q)
η∗−→ C∗CE(Der+(ΛV);ΛV) (1.5)
is a cdga model of the universal oriented 1-connected fibration (1.3).
This result is known to experts, but we do not know a reference for it. It is an analogue
of Tanré’s result, in that it is based on a classification of the algebraic model of a fibration
in the (opposite) category of cdga’s with given fibre–or rather in the equivalent category of
cocommutative dg coalgebras.
We remark that Theorem A turns out to be particularly useful for rationally elliptic spaces,
because the algebraic model of the universal 1-connected fibration in Theorem A is much
smaller than Tanré’s model.
1.2 Models of fibre integration and fibrewise Euler class. Let π : E→B be a 1-connected
fibration with Poincaré fibre X of dimension d. Then fibre integration π! : H∗(E)→H∗−d(B)
is an H∗(B)-module map. By abuse of notation, we denote by π∗ : B→E a cdga model of
the fibration. We want to find a B-module homomorphism Π : E→B that induces π! on
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cohomology. We show that there is a unique "derived" chain homotopy class [Π] inducing
fibre integration, and that it is determined by the orientation εX. More precisely, let B→E′ =
(B⊗ΛV,D) be a relative Sullivan model of π∗ and assume that B and E′ are simply connected.
Then E′ ⊗BQ  (ΛV, d) is a cdga model of X and the orientation εX has a representative in
H−d(Hom(ΛV,Q))  Hom(Hd(X;Q),Q) which we denote the same. We show that there is a
unique chain homotopy class of B-module chain maps Π : E′→B satisfying Π(1 ⊗ χ) = εX(χ)
for all χ ∈ (ΛV)d.
KnowingΠ : E′→B enables us to find a representative∆! : E′→E′ ⊗B E′[−d] of the Umkehr
map in the homotopy category of B-modules, which we need to determine a representative
of the fibrewise Euler class in E′. Denote the shift of a B-module M by M[n]. We prove that
Π induces a quasi-isomorphism of B-modules Π¯ : E′[−d]→HomB(E′,B) which sends e ∈ E′ to
themorphism e′ 7→ (−1)d+d·|e|Π(e ·e′), and that the Umkehrmap is determined in the homotopy
category of B-modules by the diagram
E′[−d] E′ ⊗B E′[−2d]
HomB(E′,B) HomB(E′ ⊗B E′,B)
≃Π¯
∆!
≃Π⊗Π
∆∗
where ∆ : E′ ⊗E′→E′ denotes the multiplication. Finally, we show that ∆∗∆![1] ∈ Hd(E′) is a
representative of the fibrewise Euler class defined in [HLLR17], so that we can compute the
Euler ring in terms of the algebraic models from rational homotopy theory.
1.3 Computational results. We focus on two classes of elliptic spaces: complex projective
spaces and products of odddimensional simply connected spheres. Itwas pointed out to us by
Alexander Berglund after completion of this work that the following model of the universal 1-
connected fibration for complex projective space was already determined in [Kur10, Prop.1.3]
with different methods.
Proposition B. A cdga model of the universal 1-connected CPn-fibration is given by
Bn :=
(
Q[x2, . . . , xn+1], |xi| = 2i, d = 0
) π−→ En := (Bn[x]/(xn+1 −∑n+1i=2 xi · xn+1−i), |x| = 2, d = 0).
In particular, the universal fibration is formal.
We observe that the universal 1-connected CPn-fibration is Leray–Hirsch. This simplifies
the description of fibre integration and the Euler class as described in Section 4.1. But actually,
we can exploit that En is a complete intersection over Bn to determine a representative of the
fibrewise Euler class.
We show that a complete intersection E = B[x1, . . . , xn]/( f1, . . . , fn) over a polynomial ring B
in positive even degrees corresponds to a fibration whose fibre X is a rational Poincaré space
and that the fibrewise Euler class, with a suitable choice of orientation εX : Hd(X;Q)→Q, is
given by
efw(π) = det
(
∂ fi
∂x j
)
∈ E. (1.6)
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We can apply this to the universal 1-connected CPn-fibration to determine a representa-
tive of the fibrewise Euler class efw(π) ∈ En, and we can compute the polynomials κi =
κi(x2, . . . , xn+1) ∈ Bn by fibre integrating powers of it. We prove that κ1, . . . , κn−1, κn+1 generate
the Euler ring by applying the Cayley–Hamilton theorem as explained in [RW18] and proved
there in much greater generality. It remains to identify relations between these polynomials
in Bn. By analysing terms of maximal power in xn+1 we can show that they are algebraically
independent.
Theorem C. The Euler ring of complex projective space is E∗(CPn)  Q[κ1, . . . , κn−1, κn+1].
For n = 2 this has been proved in [RW18] and extended by Dexter Chua for n ≤ 4 using the
natural torus action Tn y CPn and localisation in equivariant cohomology.
The second class of elliptic spaces we study are rationally equivalent to products of odd
dimensional simply connected spheres X ≃Q
∏
i S
2ni+1. In this case the universal 1-connected
fibration is not Leray–Hirsch so that we have to use the techniques from section 3 and 4 to
find representatives of fibre integration and the fibrewise Euler class. However, the minimal
model of X is finite dimensional as a vector space which simplifies the problem significantly.
Proposition D. Let X be rationally equivalent to a product of odd dimensional simply connected
spheres. Then the fibrewise Euler class efw(π) ∈ HdimX(B hAut0,∗(X);Q) vanishes.
We denote by E∗0(X) ⊂ H∗(B hAut0(X);Q) the image of the Euler ring under the pullback of
B hAut0(X)→BhAut+(X). The above result implies E∗0(X) = Q by naturality of the Euler class
and fibre integration. Moreover, if X ≃Q
∏
i S
2ni+1 is a finite CW complex then π0(hAut+(X)) is
arithmetic [Sul77, Thm.10.3], and one can argue as in [GGRW17, Prop.5.2] that E∗(X)/
√
0 = Q.
In some cases we can extend this result.
Theorem E. Let X be either rationally equivalent to S2k+1 × . . . × S2k+1 for k ≥ 1 or a finite CW
complex rationally equivalent to product of two odd dimensional simply connected spheres of different
dimension. Then E∗(X) = Q.
It remains an open problem to extend this result to all spaces rationally equivalent to a
product of odd dimensional spheres.
Acknowledgements. This paper is part of my PhD project and I would like to thank my
supervisor Oscar Randal-Williams for many enlightening discussions and his help and pa-
tience over the past years. I would also like to thank Alexander Berglund for many useful
discussions.
2 The dg coalgebra model of the universal fibration
Rational models of fibrations F→E→B of 1-connected spaces are well studied and are often
given in terms of relative Sullivan algebras or Koszul–Sullivan models [Sul77, Hal83, Tho81,
FHT01]. The main goal of this section is to find a cdga model of
X ֒→ BhAut0,∗(X) −→ BhAut0(X)
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for a 1-connected space X using its minimal Sullivan model (ΛV, d). Sullivan proved that for
a space X of finite type the dg Lie algebra Der+(ΛV) is a model of B hAut0(X), so that the
natural starting point is to build a relative Sullivan algebra from it. However, note that this
dg Lie algebra is not of finite type in general and thus it is technically involved to build a
cdga model from it. One does not have these difficulties when considering the differential
graded coalgebra CCE∗ (Der+(ΛV);Q), and consequently, we will build a coalgebra model of
the universal fibration. In the process, we will give in section 2.2 an algebraic classification
of coalgebra bundles similar in spirit to Tanré’s classification of semidirect products of dg Lie
algebras. We should note that this classification it not needed in the proof of Theorem 2.19
but we included it as we find it conceptually quite clarifying.
Remark 2.1. Most of the results in this section as well as the main Theorem 2.19 are known
to experts. But they are not easily deduced or found in the literature. In fact, we do not know
sources for Theorem 2.19 nor for an algebraic classification of coalgebra bundles analogous
to Tanré’s work. We hope that this fact and later applications justify the rather extensive
elaboration of known results.
2.1 Preliminaries and conventions. Throughout this paper, we denote by dgcc the category
of differential graded cocommutative coalgebras over Q. More precisely, an object C ∈ dgcc
is (C,∆C, dC, ǫC) where (C, dC) is a chain complex over Q and (C,∆C, ǫC) is a cocommutative
counital coalgebra so that the comultiplication ∆C : C→C ⊗ C and counit ǫC : C→Q are chain
maps. We will omit the subscripts when it is clear from the context which coalgebras we are
referring to. Themorphisms in dgcc are counital coalgebramaps of degree zero that commute
with the differential.
Thendgcchas a symmetricmonoidal structure givenby the tensorproduct of theunderlying
chain complexes: For C,C′ ∈ dgcc the chain complex C ⊗Q C′ has a comultiplication ∆C⊗C′ :=
(IdC ⊗T ⊗ IdC′)(∆C ⊗ ∆C′) and counit ǫC ⊗ ǫC′ , where T : C ⊗ C′→C′ ⊗ C is the chain map
T(c ⊗ c′) = (−1)|c||c′ |c′ ⊗ c. The monoidal unit 1 is the coalgebra on the 1-dimensional chain
complex concentrated in degree zero (Q, d = 0) with comultiplication determined by ∆(1) =
1 ⊗ 1 and counit ǫ1 = IdQ. Note that the monoidal unit is also the terminal object in dgcc.
Lemma 2.2. Let C ∈ dgcc, then the comultiplication ∆ : C→C ⊗ C and counit ǫ : C→Q are maps in
dgcc. Hence dgcc is cartesian monoidal, i.e. the monoidal structure is the product in dgcc.
We will denote by dgccconil the full subcategory of coaugmented conilpotent coalgebras. A
coaugmentationη is a sectionof the counit indgccandwedenoteη(1) by 1 ∈ C. A coaugmented
coalgebra C is conilpotent if C := ker(ǫ) is a coalgebra with nilpotent comultiplication ∆(c) :=
∆(c) − c ⊗ 1 − 1 ⊗ c (see [LV12, Ch.1.2] for details). Let dgLie be the category of differential
graded Lie algebras. Then there is an adjunction [Qui69]
dgLie dgccconil .
C
L
⊤ (2.1)
Let us recall the definition of C : dgLie→dgccconil from [Qui69, App.B]: For L ∈ dgLie there
is an acyclic dg Lie algebra sL ⊕ L containing L as a dg Lie subalgebra with brackets and
differential D determined by
[sl, sl′] = 0 [sl, l′] = s[l, l′] D(sl) = l − sdLl. (2.2)
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Then the enveloping algebraU(sL⊕L) is an acyclic dg Hopf algebra that is a freeU(L)-module
via the inclusion L ֒→ sL ⊕ L. Quillen’s defintion of the functor C is
C(L) := U(sL ⊕ L) ⊗U(L) Q. (2.3)
Note that U(sL ⊕ L) is a free U(L)-module on the envelopping algebra of the abelian Lie
algebra sL so that ignoring differentials C(L)  U(sL) = ΛsL as a graded coalgebra. We choose
C(L) as our defintion of the Chevalley-Eilenberg complex CCE∗ (L;Q). More generally, if M
is a left U(L)-module then the Chevalley-Eilenberg complex of L with coefficients in M is
CCE∗ (L;M) := U(sL ⊕ L) ⊗U(L) M.
Remark 2.3. This definition of C is different than the one used for example in [FHT01]. The
differential differs by a sign on the quadratic corestriction. Thedifferent choices are isomorphic
as dgc coalgebras via a coalgebra isomorphismwhich only has a non-trivial linear corestriction
given by − IdsL : sL→sL.
Denote by dgLiec the full subcategory of connected dg Lie algebras, i.e. Lie algebras concen-
trated in positive degrees; and by dgcc1 the full subcategory of simply connceted coalgebras,
i.e. coalgebraswhose counit is an isomorphism in degree 0 andC is concentrated in degrees>1.
Then the adjunction (2.1) induces a Quillen equivalence L ⊣ C between dgLiec and dgccconil1
according to [Qui69].
Remark 2.4. The category dgccconil has a model category structure [Qui69] so in particular it
has all small limits and colimits. The analogous statement of Lemma 2.2 holds in dgccconil(1) .
2.2 Classification of coalgebra bundles. Weprove a classification of coalgebra bundleswhich
are the algebraic models for fibrations. This classification is inspired by the geometric classifi-
cation of fibre bundles via associated principal bundles. The counter part of principal bundles
in rational homotopy theory are principal L-bundles for a dg Lie algebra L. This has been
introduced by Quillen in [Qui69, App.B] where he also describes the classification of such
principal L-bundles.
Definition 2.5. A coalgebra bundle with fibre C ∈ dgccconil is a map π : E→B in dgccconil
such that there exists an isomorphism φ : B ⊗ C→E of graded coaugmented coalgebras
satisfying πφ|B⊗1 = IdB and φ|1⊗C ∈ Homdgccconil (C,E). We call such an isomorphism a local
trivialization, and a pair (π : E→B, φ) a trivialized coalgebra bundle with fibre C. Note that a
local trivialization does not need to be a chain map. If it is then the bundle is trivial.
We want to formulate the classification of such bundles via the pullback of a universal
bundle, which is also how the classification of semidirect products of dg Lie algebras in
[Tan83] can be phrased. The universal coalgebra bundle with fibre C ∈ dgccconil is obtained
from the universal principal bundles that Quillen described in [Qui69]. In the following, we
set
L = CoDer(C) ∈ dgLie.
Then C andQ areU(L)-modules and the counit ǫ : C→Q is aU(L)-module map. Wewill show
that the induced map
Id⊗ǫ : U(sL ⊕ L) ⊗U(L) C −→ U(sL ⊕ L) ⊗U(L) Q = C(L) (2.4)
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is the universal coalgebra bundle with fibre C and local trivialization
φL : C(L) ⊗ C −→ U(sL) ⊗ C
j⊗IdC−→ U(sL ⊕ L) ⊗U(L) C,
where j is the map on enveloping algebras induced by inclusion of the abelian Lie algebra
j : sL→sL ⊕ L. Note that φL is only a map of graded coalgebras and does not commute with
the differential in general because neither the isomorphism C(L)  U(sL) nor the inclusion of
Hopf algebras U(sL)→U(sL ⊕ L) are chain maps.
Given a coalgebra bundle π : E→B with fibre C and a map f : X→B the pullback f ∗E :=
lim(X→B ← E) ∈ dgccconil exists. We will show that the canonical map π : f ∗E→X is
a coalgebra bundle with the same fibre. The limit of X→B←E in the category of graded
cocommutative coalgebras is the underlying coalgebra of f ∗E. Thus for a local trivialization
φ : B ⊗ C→E we get fπX = π ◦ φ ◦ ( f ⊗ IdC) : X ⊗ C→B and hence there is an induced map of
graded coalgebras f ∗φ : X ⊗ C→ f ∗Ewhich defines a local trivialization of the pullback.
Theorem 2.6. Let C ∈ dgccconil and L = CoDer(C) ∈ dgLie. For B ∈ dgccconil denote the set of
isomorphism classes of trivialized coalgebra bundles with fibre C over B by BunB(C), then
Homdgcc(B,C(L)) −→ BunB(C)
f 7−→
[
π : f ∗(U(sL ⊕ L) ⊗U(L) C)→B, f ∗φL
]
is a one-to-one correspondence, where f ∗φL is the induced local trivialization as described above. If
B ∈ dgccconil1 then the above statement is also true if one replaces L by L+ = CoDer+(C).
The transition from principal L-bundles for L = CoDer(C) to coalgebra bundles with fibre
C as in (2.4) corresponds to the construction of associated bundles in geometric topology.
Following this analogy, the proof of Theorem 2.6 is based on the algebraic analogue of the
reverse process, that associates to a smooth fibre bundle M→E→B the principal Diff(M)-
bundle
∐
b∈BDiff(M,Eb)→B. We implement this correspondence and construct a principal
L-bundle asscociated to a coalgebra bundle with fibre C by using the classification of principal
L-bundles due to Quillen.
Let us briefly recall some definitions and important properties fromAppendix B in [Qui69].
Definition 2.7 ([Qui69]). Given L ∈ dgLie and B ∈ dgccconil then a principal L-bundle with
base B is a triple (E,m, π), where E ∈ dgccconil is a right U(L)-module with module map
m : E ⊗ U(L) −→ E that is a map of dgc coalgebras, π : E→B is a map in dgccconil satisfying
π(e·u) = π(e)·ǫ(u) and there exists amap of graded coalgebras ρ : B→E so thatϕ(b⊗u) = ρ(b)·u
defines an isomorphism ϕ : B⊗U(L)→E of graded cocommutative coalgebras and right U(L)-
modules. Note however that ϕ is not a chain map in general. Such a map ρ is called a local
trivialization.
Quillen proved that a principal L-bundle over B with a choice of local trivialization is
determined by a twisting function, a linear map τ : B→L of degree −1 such that
dLτ + τdB +
1
2
[ , ] ◦ (τ⊗τ) ◦ ∆ = 0 and τ(1) = 0. (2.5)
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In particular, the principal L-bundle overB corresponding to a twisting function τ : B→Lhas as
total space E = B⊗U(L) with the obvious module structure and projection and (co)differential
on E defined in terms of τ as
dE(b ⊗ u) = dE(b ⊗ 1) · u + (−1)|b|b ⊗ dU(L)(u)
dE(b ⊗ 1) = dC(b) +
∑
i
(−1)|b(1)|b(1) ⊗ τ(b(2)). (2.6)
Denote byT (B, L) the set of twisting functions. The functorT (−,−) : (dgccconil)op×dgLie→Set
is representable for a fixedB or L viaHomdgLie(L(B),−) respectivelyHomdgcc(−,C(L)), i.e. there
is a commutative diagram
C(L)
B L
L(B)
τL∃!ϕB
τB
τ
∃!ϕL
(2.7)
where ϕB and ϕL are maps in the respective categories. If we consider the principal bundles
E(B,L(B), τB) and E(C(L), L, τL) := U(sL⊕ L) corresponding to the universal twisting functions
(see [Qui69, App. B] for definitions), this can be rephrased as a classification of principal
bundles similar to geometric topology: For fixed L, every principal L-bundle overB is obtained
as a pullback from the universal bundle E(C(L), L, τL) along a map B→C(L) in dgccconil.
We can now implement the construction of the principal L = CoDer(C)-bundle associated
to a coalgebra bundle with fibre C.
Proposition 2.8. Let π : E→B be a coalgebra bundle with fibre C ∈ dgccconil and let φ be a local
trivialization. Then
τE|B : B −→ CoDer(C),
b 7−→
(
c 7→ πCφ−1dEφ(b ⊗ c)
) (2.8)
extends to a twisting function τE by setting τE(1) = 0
Proof. Since we fix a local trivialization, we can assume that E = B ⊗ C as graded coalgebra
with differential D such that the projection π = πB : (B ⊗ C,D)→(B, dB) and inclusion i :
(C, dC)→(B ⊗ C,D) are maps in dgcc. Then τ(b)(c) = πC ◦ D(b ⊗ c) and we need to check that
this defines in fact a coderivation and that τ satisfies the twisting condition.
Once can check that τ(b) := πC ◦ D(b ⊗ −) defines a coderivation of C by using that πC is a
map of graded coalgebras. Moreover, it is clear from the definition that τ has degree −1 so
it remains to check dLτ + τdB + 12 [ , ] ◦ (τ⊗τ) ◦ ∆ = 0. Let us first compute D(b ⊗ c). Note that
(πB ⊗ πC)∆B⊗C = IdB⊗C, which, combined with D being a coderivation, gives
D(b ⊗ c) =
∑
πBD(b ⊗ c(1)) ⊗ c(2) +
∑
(−1)|b(1) |b(1) ⊗ πCD(b(2) ⊗ c)
= dB(b) ⊗ c +
∑
(−1)|b(1) |b(1) ⊗ πCD(b(2) ⊗ c)
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where the second equality uses that πB is a chain map. When we apply D again, the first
summand gives
D(dBb ⊗ c) =
∑
dB(b(1)) ⊗ πCD(b(2) ⊗ c) + (−1)|b(1)|b(1) ⊗ πCD(dBb(2) ⊗ c)
as ∆BdBb = dBb(1) ⊗ b(2) + (−1)|b(1) |b(1) ⊗ dBb(2), and the second summand becomes∑
(−1)|b(1) |dB(b(1)) ⊗ πCD(b(2) ⊗ c) +
∑
(−1)|b(1,2) |b(1,1) ⊗ πCD(b(1,2) ⊗ πCD(b(2) ⊗ c))
where we have set ∆b(1) =
∑
b(1,1) ⊗ b(1,2). Combining these contributions and applying πC
gives
0 = πCD2(b ⊗ c) = πCD(dBb ⊗ c) +
∑
(−1)|b(1)|πCD(b(1) ⊗ πCD(b(2) ⊗ c)). (2.9)
We compare with the twisting condition. Its first two contributions are
[dC, τ(b)](c) = dCπCD(b ⊗ c) − (−1)|b|−1πCD(b ⊗ dCc)
= πCD(1 ⊗ πCD(b ⊗ c)) + (−1)|b|πCD(b ⊗ πCD(1 ⊗ c)),
τ(dBb)(c) = πCD(dBb ⊗ c),
where we have rewritten dC in terms of D using that the inclusion C→C⊗ B is a chain map by
assumption; the third and last contribution of the twisting condition is
(1
2
∑
(−1)|b(1) |[τ(b(1)), τ(b(2))]
)
(c) =
1
2
∑
|b(i)|<|b|
πCD(b(1) ⊗ πCD(b(2) ⊗ c)) − (−1)(|b(1) |−1)(|b(2) |−1)πCD(b(2) ⊗ πCD(b(1) ⊗ c))
Note that τ(1) = 0 so the sum does not include the contribution from b ⊗ 1 + 1 ⊗ b. One can
check using the cocommutativity of B that the sum of these three terms gives the right side of
(2.9) and thus vanishes. Hence, τ is a twisting function. 
Corollary 2.9. Let C and L be as above and denote by L-BunB the set of isomorphism classes of
trivialized principal L-bundles over B, then
L-BunB −→ BunB(C)
[(E,m, π), ρ] 7−→ [Id⊗ǫ : E ⊗U(L) C→E ⊗U(L) Q, ρ ⊗ IdC]
is a one-to-one correspondence. We call the coalgebra bundle Id⊗ǫ : E ⊗U(L) C→E ⊗U(L) Q the
associated coalgebra bundle. Hence, we can think of both principal L-bundles and coalgebra bundles
just as a choice of local trivialization and a twisting function T (B, L).
Proof. We first show that the map E⊗U(L) C→E⊗U(L) Q defines a coalgebra bundle. Note that
the forgetful functorU : dgccconil→dgVect has as right adjoint Λc : dgVect→dgccconil, where
ΛcV is the cofree conilpotent cocommutative coalgebra on V with differential determined by
its linear part. Hence, U preserves colimits. If H is a cocommutative dg Hopf algebra and
M and N are right respectively left H-modules for which the module maps M ⊗ H→M and
H ⊗ N→N are maps in dgccconil, then M ⊗ H ⊗ N ⇒ M ⊗ N is a diagram in dgccconil, and
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U(coeq(M ⊗H ⊗N ⇒ M ⊗N)) = M ⊗H N ∈ dgVect. This should be interpreted as defining a
coalgebra structure on the tensor product as a coequalizer in dgccconil. If N1→N2 is a map in
dgccconil and a H-module map, the induced mapM ⊗H N1→M ⊗H N2 is a map in dgccconil.
The module map E ⊗U(L)→E is a map in dgccconil by definition, and the same is true for Q
as a (left) U(L)-module for every L ∈ dgLie. One can check that the U(L)-module structure on
C given by
m : U(L) ⊗ C −→ C
(θ1 · . . . · θn) ⊗ c 7−→ θ1 ◦ . . . ◦ θn(c)
(2.10)
is amap indgccconil. Since the counit ǫ : C→Q is aU(L)-modulemap, Id⊗ǫ : E⊗U(L)C→E⊗U(L)Q
is a map in dgccconil. If ρ : B→E is a local trivialization, then φ : B ⊗ C→E ⊗U(L) C given by
φ(b⊗ c) := ρ(b)⊗ c defines a local trivialization of the coalgebra bundle. Hence, the above map
is well-defined.
By [Qui69, App.B Prop.5.3], there is a one-to-one correspondence L-BunB→T (B, L) that
associates to a trivialized principal L-bundle its twisting function. This twisting function is the
same as the one obtained from applying Proposition 2.8 to the associated bundle. Moreover,
given [π : E→B, φ] ∈ BunB(C) then there is a trivialized principal L-bundle associated to τE
and its associated coalgebra bundle is isomorphic to (π : E→B, φ). 
Corollary 2.10. The map defined in (2.4) is a coalgebra bundle with fibre C.
There is one last technical statement we need for the proof of Theorem 2.6 in order to show
that the pullback of a coalgebra bundle is a coalgebra bundle.
Lemma 2.11. Let (C,⊗, 1) be a cartesian monoidal category and suppose f : X→B and π : E→B are
two maps in C. Then lim(X→B←E) if it exists is isomorphic to the equalizer of
X ⊗ E X ⊗ B ⊗ E
f⊗E
X⊗π
Proof. In a cartesian monoidal category every object is a coalgebra object. So if there are
h : Z→X and h′ : Z→E satisfying f h = πh′ then (h ⊗ h′)∆Z : Z −→ X ⊗ E equalizes the
above diagram. Hence, there is a unique map H : Z −→ eq(X ⊗ E ⇒ X ⊗ B ⊗ E) so that
the composition of H with eq(X ⊗ E⇒ X ⊗ B ⊗ E)→X ⊗ E and the respective projections to X
respectivelyE commutewith h respectively h′. Hence, the equalizer has the universal property
of the limit. 
Proof of Theorem 2.6. By Corollary 2.9, the set BunB(C) is in one-to-one correspondencewith
the set of twisting functions which is in one-to-one correspondence with Homdgcc(B,C(L))
by [Qui69]. Thus is remains to show that the pullback of coalgebra bundles in Theorem 2.6
induces this correspondence. Let f ∈ Homdgcc(B,C(L)). The pullback in the Theorem is the
limit
lim(B
f−→ C(L)←− U(sL ⊕ L) ⊗U(L) C) ∈ dgccconil.
Since dgccconil is a cartesian monoidal category with all small limits, the above Lemma
implies that the pullback in dgccconil of a diagram X→B ← E is the cotensor product
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XBE = eq(X ⊗ E⇒ X ⊗ B ⊗ E). If E→B is a coalgebra bundle with fibre C, then E  B ⊗ C
as graded coalgebras. The B-comodule structure induced by πB makes E into an extended
B-comodule so that XBE  X ⊗ C as graded coalgebras [EM66, Prop2.1]. This isomorphism
is a local trivialization and it coincides with the local trivialization f ∗φ obtained using the
universal property of the pullback. In conclusion, f ∗E→X is a coalgebra bundle with fibre
C and local trivialization f ∗φ. We can apply this to the pullback of the universal coalgebra
bundle along f : B→C(L). One can check that the twisting function from Proposition 2.8 is
τL ◦ f . Hence, the pullback induces a one-to-one correspondence as claimed.
The second part of the statement for simply connected base follows from the following
observation about twisting functions τ : B→L = CoDer(C). If b ∈ B is primitive and
dB(b) = 0, then it follows from the twisting equation that [dC, τ(b)] = 0. Consequently, if
B ∈ dgccconil1 , then τ : B→CoDer+(C) as every element in B2 is primitive and a cycle. In
particular, T (B,CoDer(C)) = T (B,CoDer+(C)) and so we can consider the 1-truncation if the
base is simply connected. 
2.3 Model and comparison with Tanré. If we think of the dg Lie algebra L = CoDer+(C) for
C ∈ dgccconil1 as a model for BhAut0(X) for a space X = 〈C〉, the universal principal L-bundle
plays the role of E hAut0(X) with an action of ΩBhAut0(X) = hAut0(X). This resembles the
homotopy theoretic classification of fibrations, where the universal fibration can be thought of
as the associated bundle E hAut0(X) ×hAut0(X) X. Of course, we can only expect this to be true
for coalgebras that behave well with respect to homotopy theory in dgccconil1 . Hence, if (ΛV, d)
is a minimal Sullivan model of a space X of finite type with dual coalgebra model (ΛcV∨, d∨),
then based on the above analogy we expect the associated coalgebra bundle for the universal
principal L-bundle for L = (CoDer+(ΛcV∨), [d∨,−]) ∈ dgLiec to be a model of the universal
1-connected fibration.
Theorem 2.12. Let X be a 1-connected space of finite type with minimal Sullivan model (ΛV, d) and
dual coalgebra (ΛcV∨, d∨) ∈ dgccconil1 . Then the associated coalgebra bundle
π := CCE∗ (CoDer
+(ΛcV∨);ΛcV∨) ǫ∗−→ CCE∗ (CoDer+(ΛcV∨);Q) (2.11)
is a coalgebra model for the universal 1-connected fibration X→BhAut0,∗(X)→BhAut0(X).
Apossible strategy of proof is probably to do a classification of coalgebra bundles up to fibre
homotopy equivalence similar as in [Tan83]. Two coalgebra bundles πi : Ei→Bi for = 1, 2 are
fibre homotopy equivalent if there are quasi-isomorphisms F : E1→E2 and f : B1→B2 in dgcc
so that π2F = fπ1. But we prefer to simply compare the map in (2.11) with Tanré’s model by
applying C(−) to the fibre sequence (1.4), which is a coalgebra bundle over C(Der+(L) / ad L)
with fibre C(L) and therefore there is a classifying map
Φ : C(Der+(L) / ad L)→C(CoDer+(C(L)))
by Theorem2.6. We show that if L is a free dg Lie algebra (LV, d) thenΦ is a quasi-isomorphism
and induces a fibre homotopy equivalence of the corresponding coalgebra bundles with fibre
C(LV, d). This almost gives a full proof of Theorem 2.12. The last step will be to compare
coalgebra bundles with fibre C(LV, d) for a Quillen model of X with coalgebra bundles with
fibre (ΛcV∨, d∨) for the dual of a Sullivan model of X.
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Proposition 2.13. Let Φ be the map above. Then the only non-trivial corestriction is linear, i.e. it is
induced by a map
φ : Der+(L) / ad L −→ CoDer+(C(L))
of dg Lie algebras. Moreover, φ is a quasi-isomorphism if L is a free dg Lie algebra.
Remark 2.14. This proposition has been proved in [SS12, Thm.3.17]. We have included it in
this discussion because it is derived from the classification of coalgebra bundles, which has
the (small) advantage that we do not need to check that it induces a map of dg Lie algebras.
Also note that there is a dual statement involving the left adjoint L in [Gat97].
Proof. The sequence
C(L)→C
(
L ⋊id (Der+(L) / ad L)
)
→C(Der+(L) / ad L)
is a coalgebra bundle with fibre C(L) and Proposition 2.8 describes the corresponding twisting
function τ : C(Der+(L) / ad L)→CoDer+(C(L)). Note that the total space can be identified
with CCE∗ (Der+(L) / ad L;C(L)). Since the differential on the total space is the differential of the
Chevalley-Eilenberg complex of a dg Lie algebra, it only has nontrivial linear and quadratic
corestriction. Hence, one can check that τ(χ) = πC(L)D(χ ⊗ −) is only non-trivial on elements
χ ∈ Λ1s(Der+(L) / ad L). Denote by D the differential on the Chevalley-Eilenberg complex of
the semidirect product from [Tan83, VII.2.(11)], then the corestrictions of the coderivation τ(χ)
of C(L) for χ ∈ Λ1s(Der+(L) / ad L) are
τ(s2l)n(sl1 ∧ . . . ∧ sln) = πΛ1sLD(s2l ∧ sl1 ∧ . . . ∧ sln)
=

πΛ1sLD(s
2l) = sl n = 0
0 n > 0
and
τ(sθ)n(sl1 ∧ . . . ∧ sln) = πΛ1sLD(sθ ∧ sl1 ∧ . . . ∧ sln)
=

πΛ1sLD(sθ ∧ sl1) = (−1)|θ|s[θ, l1] = (−1)|θ|sθ(l1) n = 1
0 n , 1
By (2.7) τ factors through a dgc coalgebra map Φ : C(Der+(L) / ad L) −→ C(CoDer+(C(L)),
which in turn has also only a linear part Φ1 : s(Der+(L) / ad L)→s(CoDer+(C(L)). The desus-
pension of Φ1 is described by
(s−1Φ1)(sl) ∈ CoDer+(C(L)) has corestriction : ΛsL→Λ0sL = Q sl−→ sL
(s−1Φ1)(θ) ∈ CoDer+(C(L)) has corestriction : ΛsL→Λ1sL = sL (−1)
|θ|sθ−→ sL
Since we already know that Φ is a dgc coalgebra map on the Chevalley-Eilenberg complexes
of the two dg Lie algebras with only linear part, the desuspendsion s−1Φ1 =: φ has to be amap
of dg Lie algebras, which is also readily checked.
Before we prove the second part of the statement, observe that there are isomorphisms of
graded vector spaces
CoDer(C(L))  HomgrVect(ΛsL, sL)  HomU(L)(U(sL ⊕ L), sL)
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where the right side is the graded vector space ofU(L)-module homomorphisms and sL is the
suspension of L considered as a module over itself. We will discuss differential homological
algebra and semifree resolutions in more detail in section 3.2 and we refer the reader to
that section for definitions. To finish this proof, we note that HomU(L)(U(sL ⊕ L), sL) is a
differential U(L)-module and one can check that the above isomorphism of graded vector
spaces is in fact an isomorphism of chain complexes. AsU(sL⊕ L)→Q is a semifree resolution
of Q [FHT01, Prop.22.4], the homology of CoDer(C(L)) can be identified with (a shift of)
H∗
CE
(L; L) = ExtU(L)(Q, L).
If L = (LV, d) is a free dg Lie algebra, there is a small free resolution of Q as described in
[Wei94, Prop.7.2.4] given by I→U(L) ǫ→Q, where I is the kernel of the augmentation. Then I
is a free U(L)-module on a basis of V because L is free. We can build a semifree resolution of
Q from it by setting P = sI ⊕U(L) with standard differential on U(L) and d(sl) = l − sdU(L)l for
l ∈ I. Hence, HomU(L)(U(sL ⊕ L), sL) is quasi-isomorphic to HomU(L)(P, sL) which is given as a
bicomplex by
HomU(LV)(sI, sLV)  HomgrVect(V,LV)←− HomU(LV)(U(LV), sLV)  sLV.
This can be identified with Der(LV) / adLV. Moreover, there is an obvious inclusion
i : P→U(sLV ⊕ LV) which is a map between semifree resolutions and therefore induces a
quasi-isomorphism i∗ : HomU(LV)(P, sLV)→HomU(LV)(U(sLV ⊕ LV), sLV) [FHT01, Prop.6.7]
which agrees with φ under the identification of Der(LV) / adLV  HomU(LV)(P, sLV) and
CoDer(C(LV, d))  HomU(LV)(U(sLV ⊕ LV), sLV). Hence, the map of 1-truncations in the
statement is a quasi-isomorphism. 
Corollary 2.15. The map φ∗ : CCE∗ (Der
+(LV) / adLV;C(LV)) −→ CCE∗ (CoDer+(C(LV));C(LV))
is a quasi-isomorphism in dgccconil1 and is compatible with the map induced by the change of coefficients
ǫ : C(LV)→Q. In particular, φ∗ is a fibre homotopy equivalence of coalgebra bundles with fibre C(LV).
We need the following lemma to finish the proof of Theorem 2.12. It is proved similarly as
[BM14, Lem.3.5].
Lemma 2.16. Let φ : C→C′ be a map in dgccconil1 and define CoDerφ(C,C′) as the linear maps
η : C→C′ satisfying ∆C′η = (η ⊗ φ + T(η ⊗ φ)T)∆C and differential D(η) = dC′η − (−1)|η|ηdC. Then
φ∗ : CoDer(C) −→ CoDerφ(C,C′) φ∗ : CoDer(C′) −→ CoDerφ(C,C′)
η 7−→ φ ◦ η η′ 7−→ η′ ◦ φ
are chain maps and quasi-isomorphisms if C and C′ are cofree.
Proof of 2.12. Let (LX, d) be a minimal Lie model of X and (ΛcV∨, d∨) ∈ dgccconil1 the dual of a
minimal Sullivan model of X. Fix an injective quasi-isomorphism ψ : ΛcV∨ ֒→ C(LX). Then
by the above lemma there is a zig-zag of quasi-isomorphisms
CoDer(ΛcV∨) ≃−→
ψ∗
CoDerψ(ΛcV∨,C(LX)) ≃←−
ψ∗
CoDer(C(LX)).
Note that ψ∗ is surjective, and hence by the same argument as in the proof of Theorem 3.10 in
[BM14] thepullbackP = {(η, η′) ∈ CoDer(ΛcV∨)×CoDer(C(LX)) | ηψ = ψη′} in chain complexes
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of the above diagram is a differential graded Lie algebra satisfying that the projections of 1-
truncations π1 : P+→CoDer+(ΛcV∨) and π2 : P+→CoDer+(C(LX)) are quasi-isomorphisms in
dgLie. Note that bothΛcV∨ andC(LX) areU(P)-modules via theseprojections and importantly,
ψ is a U(P)-module homomorphism. Hence, we have a sequence of induced maps
CCE∗ (CoDer+(C(LX));C(LX)) CCE∗ (P;C(LX))
CCE∗ (P;ΛcV∨) CCE∗ (CoDer+(ΛcV∨);ΛcV∨)
(π2)∗
≃
ψ∗ ≃
(π1)∗
≃
which are quasi-isomorphisms as they are induced by quasi-isomorphisms, and which are all
compatible with the map to CCE(−;Q) induced by the counits. Hence, the above describes a
sequence of fibre homotopy equivalences of coalgebra bundles. Combining with Corollary
2.15 gives the desired comparison with Tanré’s model of the universal fibration. 
2.4 The cdgamodel of the universal 1-connected fibration. The dual of the universal coalge-
bra fibration in (2.11) determines a cdgamodel of the universal 1-connected fibration. Wewill
describe a simpler description of this dual where we do not need consider the dual coalgebra
of a cdga. This model will also be more closely related to the the dg Lie algebra model of
B hAut0(X) of Sullivan in terms of derivations of a minimal Sullivan model of X.
Let L ∈ dgLie and C ∈ dgcc be aU(L)-module. Recall that if the module map U(L)⊗C→C is
a map in dgcc or equivalently that C acts by coderivations, then CCE∗ (L;C) := U(sL ⊕ L)⊗U(L) C
is in dgcc. Thus, the dual CCE∗ (L;C)∨ is a cdga and isomorphic to
HomgrVect
(
U(sL ⊕ L) ⊗U(L) C,Q
)
 HomR−U(L)
(
U(sL ⊕ L),HomgrVect(C,Q)
)
 HomL−U(Lop)
(
U(sL ⊕ L),HomgrVect(C,Q)
)
,
where the first isomorphism follows from adjunction (C∨ := HomgrVect(C,Q) is a right U(L)-
module so that we have to consider right U(L)-morphisms) and the second isomorphism
follows from the fact that every right U(L)-module determines a left U(Lop)-module. Here,
Lop denotes the opposite dg Lie algebra (Lop, [, ]Lop , dLop) on the same vector space as L with
[x, y]Lop = [y, x]L and dLop(x) = −(−1)|x|dL(x). It is a basic fact that L is isomorphic as dg Lie
algebra to its opposite.
Lemma 2.17. Let (L, [ , ], d) ∈ dgLie, then (L, [ , ]op, dop) is a differential graded Lie algebra and
φ : (L, [ , ], d) −→ (L, [ , ]op, dLop)
l 7−→ −(−1)⌊|l|/2⌋l
is an isomorphism of differential graded Lie algebras.
Consequently, U(sL ⊕ L) is isomorphic to U(sLop ⊕ Lop) as a left U(Lop)-module and we get
an isomorphism of cdga’s
HomgrVect
(
U(sL ⊕ L) ⊗U(L) C,Q
)
 HomL−U(Lop)
(
U(sLop ⊕ Lop),C∨
)
.
This is the definition of C∗
CE
(Lop,C∨) using left-modules. By the above Lemma, this is isomor-
phic to Lie algebra cohomology via right modules. But it is not necessary to explicitly work
out the isomorphism.
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Lemma 2.18. Let C ∈ dgcc and L = CoDer(C) ∈ dgLie. Then Lop  Der(C∨) and under this
isomorphism the left U(Lop)-module structure is given by evaluating the derivation.
Thus, we can avoid dualizing the cdga models of spaces and their derivations completely
when we want to compute Lie algebra cohomology, and we arrive at the following reformu-
lation of Theorem 2.12.
Theorem 2.19. Let X be a 1-connected space of finite type with minimal Sullivan model (ΛV, d) and
unit η : Q→ΛV. Then
C∗CE(Der+(ΛV);Q)
η∗−→ C∗CE(Der+(ΛV);ΛV) (2.12)
is a cdga model of the universal oriented 1-connected fibration (1.3).
We can give a more explicit description of (2.12). Let L be a connected dg Lie algebra that
acts on a connected cgda A of finite type through positive derivations. Note that we have to
define positive degree derivations of a cdga as derivations that lower the degree if we don’t fix
our convention for chain complexes to be homologically or cohomologically graded. In order
to be consistent (for the adjunction as well) we consider a cdga A in this section as negatively
graded, so that both grading issues are resolved. In particular, the cgda HomU(L)(U(sL⊕ L),A)
as the dual of a connected dgc coalgebra is concentrated in negative degrees. If A is of finite
type, then
HomL−U(L)(U(sL ⊕ L),A) 
⊕
n≤0
∏
k≥0
HomVect((ΛsL)k,Ak+n)  HomL−U(L)(U(sL ⊕ L),Q) ⊗ A
is an isomorphism of commutative algebras concentrated in negative degrees. We can work
out the differential on the right side C∗
CE
(L;Q) ⊗ A under this isomorphism. Denote by {li} a
basis of L and by {a j} a basis of A, and denote by {a∗j} and {(sli)∗}the corresponding dual bases
of A∨ and Λ1sL ⊂ C∗
CE
(L;Q). Furthermore, we denote the differential on C∗
CE
(L;Q) ⊗ A by D
and by d on C∗
CE
(L;Q). Then under the above isomorphism D is given by
D(x ⊗ 1) = d(x) ⊗ 1
D(1 ⊗ a) = 1 ⊗ dA(a) −
∑
j
∏
i
(
a∗j(li · a) · (sli)∗
)
⊗ a j. (2.13)
for x ∈ C∗
CE
(L;Q) and a ∈ A. Finally, note that if A is a simply connected Sullivan algebra,
then η∗ : C∗CE(L;Q)→C∗CE(L;A) is a relative Sullivan algebra. In the following, we will always
interpret the above cdga’s as positively graded.
Example 2.20. LetX = S2nwith SullivanmodelAn = (Λ(x, y), |x| = 2n, |y| = 4n−1, d = x2 ·∂/∂y).
Then Der+(An) is 3-dimensional with basis η2n−1 := x · ∂/∂y, η2n := ∂/∂x and η4n−1 := ∂/∂y
and differential [d, η2n] = −2η2n−1. Hence, the inclusion of the abelian Lie algebra with trivial
differential g := Q{η4n−1} ֒→ Der+(An) is a quasi-isomorphism of dg Lie algebras and we
get a cdga quasi-isomorphism C∗
CE
(Der+(An);Q)→C∗CE(g;Q) = (Λz4n, d = 0) as well as with
coefficients inAn. Thus, the cgdamodel of the universal 1-connected S2n-fibration in Theorem
2.19 is equivalent to
(Λ(z4n), d = 0) −→ (Λ(z4n) ⊗Λ(x, y),D(x) = 0,D(y) = x2 − z4n),
where we use (2.13) with basis {xk, yxl}k,l≥0 of An and {η4n−1} of g.
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3 Fibre integration in rational homotopy theory
3.1 φ-integration. Let π : E→B be a fibration with fibre F. We want to introduce fibre
integration as a special case of a more general construction. Let k be a commutative ring.
Suppose H∗(F; k) vanishes for ∗ > d and is non-trivial in degree d. Note that H∗(F; k) is a
k[π1(B)]-module and let φ : Hd(F; k)→k be a k[π1(B)]-module homomorphism, where k is the
trivial k[π1(B)]-module.
Since H∗(F; k) vanishes in degrees higher than d one can project H∗(E; k) onto the d-th row of
the E∞-page of the Serre spectral sequence, and as there are no differentials into this row we
have E∗−d,d∞ ⊂ E∗−d,d2 . Thus we can define φ-integration as the composition
Φ∗ : H∗(E; k)։ E∗−d,d∞ ⊂ E∗−d,d2 = H∗−d(B;Hd(F; k))
H(φ)−→ H∗−d(B; k). (3.1)
Since the cohomological Serre spectral sequence is compatible with cup product, there is a
push-pull identity
φ∗(π∗(x) ⌣ y) = x ⌣ φ∗(y) (3.2)
for x ∈ H∗(B; k) and y ∈ H∗(E; k), and thus φ-integration is a H∗(B; k)-module map.
Definition 3.1. Let π : E→B be a fibration with oriented Poincaré fibre X of formal dimension
d and supposeπ is oriented, i.e. the orientation εX : Hd(X; k)→k is an isomorphism of k[π1(B)]-
modules. Then
π! := (EX)∗ : H∗(E; k)→H∗−d(B; k)
is called fibre integration of π : E→B.
3.2 Chain level φ-integration. The goal of this section is to find formulas for fibre integration
and more generally φ-integration in terms of the algebraic models that we have introduced in
the previous section. We will show that a homomorphism φ : Hd(F;Q)→Q as above defines
a unique "derived" chain homotopy class Φ : C∗(E;Q)→C∗−d(B;Q) of C∗(B;Q)-modules that
induces φ-integration.
Wedon’twork directlywith the associative differential algebra of singular cochains butwith
a cdgamodel ofπ : E→B as abovewhichwedenote byπ∗ : B→E. Thismakes Eadifferential B-
module. For differential (left) B-modulesM andNwe denote by HomB(M,N) the subcomplex
of HomgrVect(M,N) = ⊕i∏nHomVect(Mn+i,Nn) that are B-module homomorphisms, i.e. linear
maps that satisfy f (b ·m) = (−1)| f |·|b|b · f (m). Then HomB(M,N) is a differential B-module with
differential D( f ) := dN f − (−1)| f | f dM and module structure (b · f )(m) := b · f (m).
We cannot expect to find a representative of φ-integration in HomB(E,B) for every cgda
model of π. Instead one should consider derived mapping spaces, which will be sufficient
for us to define as the (left) derived functor of HomB(-,N) : ModB→ModopB . The relevant
resolutions that will appear in proofs and computations are defined as follows.
Definition 3.2. A B-module P is called semifree if it is the union of an increasing sequence
of differential B-submodules P(0) ⊂ P(1) ⊂ . . . such that P(0) and each P(k)/P(k − 1) are free
B-modules on a basis of cycles. A semifree resolution of M ∈ ModB is a quasi-isomorphism
ϕ : P→M of differential B-moduleswhereP is semifree. The differential Ext groups are defined
as Ext∗B(M,N) := H
∗(HomB(P,N)) for a semifree resolution ofM.
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The most important example of semifree modules in this context are relative Sullivan
models of fibrations. A relative Sullivan algebra is a cdga of the form (B⊗ΛV,D) so that
idB ⊗ 1 : B→B⊗ΛV is a map of cdga’s, and V = ⊕p≥1Vp is a graded vector space with an
exhaustive filtration V(0) ⊂ V(1) ⊂ . . . of graded subspaces so that D|1⊗V(0) : V(0)→B and
D|1⊗V(k) : V(k)→B⊗ΛV(k − 1). A relative Sullivan model of π∗ : B→E is a quasi-isomorphism
E′→E of B-algebras where E′ is a relative Sullivan algebra.
The following properties of relative Sullivan models can be found in [FHT01] (with some
additional assumptions about finiteness): A relative Sullivan algebra is a semifree B-module,
so a Sullivan model E′→E is a semifree resolution of E. If B is a simply connected cdga and
either the fibre or the base are of finite type then E′ ⊗BQ  (ΛV, d) is a Sullivan model of the
fibre. Moreover, every cdgamap π∗ : B→E admits a relative Sullivan modelϕ : E′ ≃→E, which
is a cofibrant replacement in the standard model structure on cdga. We denote the relative
Sullivan model by E′→E to indicate this fact.
Proposition 3.3. Let π : E→B be a fibration with fibre F of 1-connected spaces and assume that
H∗(F;Q) is of finite type and nontrivial in degree d and vanishes above. Let π∗ : B→E be a cdga
model of π where B is simply connected, and denote by E′ ≃→E a relative Sullivan model. Then the
augmentation of B induces an isomorphism
Ext−d(E,B) = H−d(HomB(E′,B))
−→ H−d(HomQ(E′ ⊗BQ,Q))  Hom(Hd(F;Q),Q)
[Φ : E′→B] 7−→ [Φ ⊗B Q : E′ ⊗BQ→B⊗BQ  Q]
In particular, for every φ ∈ Hom(Hd(F),Q) there is a unique element [Φ] ∈ H−d(HomB(E′,B)) and
the composition H∗(E)  H∗(E′)
H(Φ)−→ H∗−d(B)  H∗−d(B) is the same as φ-integration.
Proof. We assume that B is simply connected so that B≥p ⊂ B is a B-submodule. Consider
the exhaustive filtration of HomB(E′,B) given by Fp = HomB(E′,B≥p). According to [Boa99,
Thm.9.3 ] the corresponding spectral sequence is conditionally convergent to the completion
lim←− p
HomB(E′,B)/HomB(E′,B≥p)  lim←− p
HomB(E′,B /B≥p)
 HomB(E′, lim←− p
B /B≥p)
 HomB(E′,B)
where we have used that E′ is a projective B-module for the first isomorphism. The E1-page is
H(HomB(E′,Q)) ⊗ Bp. By assumption E′ is a relative Sullivan algebra so that E′ = (B⊗ΛV,D)
and E′ ⊗BQ = (ΛV, d) is a cdga model of the fibre. Hence, the E1-page can be simplified as
E
p,q
1 = H
q((ΛV)∨) ⊗ Bp. Since B is simply connected, the differential on the E1-page is given
by id ⊗ dB : Ep,q1 →E
p+1,q
1 and thus the spectral sequence has E2-page E
p,q
2 = H
p(B) ⊗Hq((ΛV)∨).
In particular, the spectral sequence vanishes for q < −d. Since the gradings are such that the
differentials are dr : E
p,q
r →Ep+r,q−r+1, there are only finitely many nontrivial differentials. This
implies that the derived E∞-page is zero and so by [Boa99, Thm.7.1] the spectral sequence
converges strongly
E
p,q
2 = H
p(B) ⊗Hq((ΛV)∨)  Hp(B) ⊗H−q(F)⇒ H(HomB(E′,B))
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and we can recover H(HomB(E′,B)) from the entries of the E∞-page. The only contribution
with total degree −d comes from E0,−d∞  E0,−d2  Hom(Hd(F;Q),Q) which proves the first part
of the statement.
It remains to show that for φ = Hd(Φ ⊗B Q) : Hd(ΛV, d)→Q the induced φ-integration map
coincides with H(Φ) : H∗(E′)→H∗(B). First, we note that E′ = (B⊗ΛV,D) has a filtration Fp =
B≥p ⊗ΛV and that the corresponding spectral sequence converges as Ep,q2 = Hp(B)⊗Hq(ΛV)⇒
Hp+q(E′). In fact, B also has an analogous filtrationGp = B≥p with only nontrivial differential on
the E1-page. Then Φ induces a map between these two filtrations and the map on E2-pages is
preciselyφ-integrationdefinedusing this spectral sequence. Aswehave definedφ-integration
using the Serre spectral sequence, it remains to show that this spectral sequence is isomorphic
to the Serre spectral sequence. Grivel has shown in [Gri79] thatAPL(B)→APL(E) has a filtration
which gives rise to the Serre spectral squence, and the construction is based on the construction
of the Serre spectral sequence by Dress [Dre67]. Moreover, in the proof of [Gri79, Thm.6.4] he
shows that the comparison map of B→E′ with APL(B)→APL(E) is compatible with the above
filtration on E′ and the filtration on APL(E) and induces an isomorphism on the E2-pages. This
concludes the proof. 
We can use Proposition 3.3 to build a representative of fibre integration for an oriented
fibration π : E→B and oriented Poincaré fibre (X, εX) as follows: Consider a relative Sullivan
model π∗ : B→(B⊗ΛV,D). Pick a chain level representative εX ∈ Hom−d(ΛV,Q). The above
Proposition implies that there is a cycle Π ∈ Hom−d(E′,B) unique up to chain homotopy that
satisfies
Π(1 ⊗ χ) = εX(χ) ∈ Q = B0 (3.3)
for all χ ∈ (ΛV)d, and that this chain map induces fibre integration on cohomology
π! : H∗(E;Q)  H∗(E′)
H(Π)−→ H∗−d(B)  H∗−d(B;Q).
We demonstrate this technique in the following example.
Example 3.4. Recall the relative Sullivan model of the universal 1-connected fibration for an
even dimensional sphere X = S2n as discussed in Example 2.20. We choose as orientation
εX : Hd(X;Q)→Q the homomorphism determined by εX(x) = 1. For degree reasonsΠ(yxk) = 0
and since Π has to be a chain map we have 0 = Π(D(yxk)) = Π(xk+2 − z4nxk). This determines
a Λ(z4n)-module map Π : (Λ(z4n, x, y),D)→(Λ(z4n), d = 0) by
Π(yxk) = 0 and Π(xn) =

0 n = 2k
zk4n n = 2k + 1
which is a chain map by construction and induces fibre integration on cohomology as it
satisfies (3.3).
3.3 Relation to parametrized stable homotopy theory. Fibre integration can also be viewed
as a construction in fibrewise stable homotopy theory. More precisely, if π : E→B is a fibration
thenπ+ := π∐IdB : E+ = E
∐
B→B+ = B
∐
B is amap of ex-spaces overB, both ofwhich are ex-
fibrations overB. The fibrewise suspension spectraΣ∞
B
E+ is strongly dualizable in the category
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Sp/B ofparametrized spectraoverB if thefibre ofπ is equivalent to afiniteCWcomplex [MS06].
The fibrewise suspension spectra Σ∞
B
B+ = SB is self dual so that, if the fibre of π is equivalent
to a finite CW complex, the dual of Σ∞
B
π+ is D(Σ∞B π+) : Σ
∞
B
B+→D(Σ∞B E+) = FB(Σ∞B E+,SB). If
the fibre of π : E→B is Poincaré, we can combine this with
FB(Σ∞B E+,SB)→FB(Σ∞B E+,HBZ)→Σ∞−dB E+ ∧B HBZ,
where the second map is an equivalence [HLLR17, Section 3.1], to obtain the version of fibre
integration in parametrized stable homotopy theory
π! : Σ∞B B+→Σ∞−dB E+ ∧B HBZ.
Rationally, HBZ is equivalent to SB so that we get a map of rational parametrized suspension
spectra. The set of homotopy classes of such maps has been computed in [FMT10, Thm.1.1]
as a differential Ext group. This is consistent with our result. However, we would like to note
that in order to apply Theorem 1.1 from [FMT10] to describe π! as an element in an differential
Ext group, it is essential to use the equivalence FB(Σ∞B E+,HBZ)→Σ∞−dB E+ ∧B HBZ so as to
identify π! as a map of fibrewise suspension spectra. The equivalence of parametrizes spectra
needs Poincaré duality of the fibre. In contrast, we don’t need to assume this in order to find a
unique representative of π! in the differential Ext groups because the construction works just
as well for finding representatives of φ-integration in general.
Finally, we want to remark that fibre integration has also been described as elements in
differential Ext groups in [FT09, Thm.A] for fibrations over Poincaré duality spaces and for
pullbacks from such fibrations.
4 Algebraic definition of the fibrewise Euler class
We have defined the Euler class of fibrations with Poincaré fibre over Poincaré spaces in
the introduction in (1.1). In this section, we will give a definition for arbitrary base spaces
and show that it agrees with the definition of the fibrewise Euler class in [HLLR17]. In the
following, we denote by Q[n] the graded vector space with Q in degree n and for a B-module
M defineM[n] :=M ⊗Q[n].
Proposition 4.1. Let B→E′ be a relative Sullivan model of a fibration of 1-connected spaces π : E→B
with Poincaré fibre X of formal dimension d. Let εX be the orientation and Π ∈ Hom−dB (E′,B) be a
corresponding cycle representing fibre integration. Then the map
Π¯ : E′[−d] −→ HomB(E′,B)
e 7−→ (e′ 7→ (−1)d+d·|e|Π(e · e′))
is a quasi-isomorphism of B-modules.
Proof. It is a simple check that Π¯ defines a B-module homomorphism. By assumption,
E′ = (B⊗Λ,D) is a relative Sullivan algebra and thus has a filtration which induces the Serre
spectral sequence as discussed in the proof of Proposition 3.3. In the same proof we have
described a filtration of HomB(E′,B) which strongly converges because there is a horizontal
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vanishing line. The map Π¯ is compatible with the two filtrations and induces a map of the
associated spectral sequences. The induced map on the E2-page is given by
E
p,q
2 = H
p(B) ⊗Hq(ΛV, d) Id⊗ε¯X−→ Hp(B) ⊗Hom(Hq−d(ΛV),Q)
where ε¯X : Hq(ΛV)→Hom(Hd−q(ΛV),Q) is the adjoint of Hq(ΛV) ⊗ Hd−q(ΛV) ∪→Hd(ΛV)εX→Q.
Since (H∗(X;Q), εX) is an oriented Poincaré duality algebra, Π¯ induces an isomorphism of
E2-pages. 
With this we get an algebraic model of the Umkehr map of ∆ : E→E ×B E. Let B→E′ be
a relative Sullivan model of π : E→B as above. Then E′ ⊗B E′ is a Sullivan model of E ×B E
and Π ⊗ Π : E′ ⊗B E′→B⊗B B = B is a chain level representative of fibre integration for the
parametrized product as it is a cycle and restricts to the induced orientation of the fibre X×X.
If we denote by ∆ : E′ ⊗E′→E′ the multiplication, we can provide the Umkehr map as the
(dashed) lift in
E′[−d] E′ ⊗B E′[−2d]
HomB(E′,B) HomB′(E
′ ⊗B E′,B)
≃Π¯
∆!
≃Π⊗Π
∆∗
(4.1)
uniquely up to homotopy, since E′ is semifree. This determines the Umkehr map in the
homotopy category of B-modules for any cdga model of the fibration, and enables us to
identify a representative of the fibrewise Euler class in terms of the algebraic models.
Definition 4.2. Let π : E→B be a 1-connected oriented fibration with Poincaré fibre (X, εX) of
formal dimension d. Let B→E′ be a relative Sullivan model, then efw(π) := ∆∗∆!(1) ∈ Hd(E′).
It remains to show that this coincides with the naive definition from the introduction which
was only given when the base is a Poincaré complex. This has been carried out in greater
generality in [RW17] and [HLLR17], but in our case there is a simple algebraic proof.
Lemma 4.3. Let π : E→B be an oriented fibration with fibre and base simply connected Poincaré
complexes of formal dimension d respectively b. Let B→E′ be a relative Sullivan model. Then the
Umkehr map ∆! : E′→E′ ⊗B E′ agrees on cohomology with D−1E×BE∆∗DE : H∗(E)→H∗+d(E×B E)where
∆ : E→E×B E and DE = [E]∩ - and DE×BE = [E×B E]∩ - denote the Poincaré duality isomorphisms.
Proof. Since B is a Poincaré space, B→∗ is a fibration with Poincaré fibre and we can apply the
characterisation of the previous section to get a chain level representative of fibre integration
map ΠB ∈ HomQ(B,Q) corresponding to evaluating a fundamental class. Suppose B→E′ is a
Sullivan model of the fibration and letΠ ∈ HomB(E′,B) be a model of fibre integration of π. It
is well known that ([B] ∩ -) ◦ π! : Hb+d(E)→Hb(B)→Q is an orientation of the Poincaré algebra
H∗(E;Q) itself. In particular,ΠB ◦Π ∈ HomQ(E′,Q) is a cycle that induces this orientation thus
has to be fibre integration of E→∗. Denote ΠE := ΠB ◦Π so that
HomB(E′,B) E′[−d] HomQ(E′),Q)
(ΠB)∗
≃
Π¯
≃
Π¯E
21
is a commuting diagram, where (ΠB)∗ϕ = ΠB ◦ ϕ for ϕ ∈ HomB(E′,B)). We can choose chain
level representatives offibre integrationofE×BE→B andE×BE→∗asΠ⊗Π : E′ ⊗B E′→B⊗B B 
B andΠE×BE := ΠB◦(Π⊗Π) by the same arguments as above. We therefore have a commutative
diagram
HomQ(E Q) HomQ(E′ ⊗B E′,Q)
E′[−d] E′ ⊗B E′[−2d]
HomB(E′,B) HomB(E′ ⊗B E′,B′)
∆∗
≃Π¯E
Π¯ ≃
Π¯E×BE≃
Π⊗Π≃
∆∗
(ΠB)∗ (ΠB)∗
where the dashedmaps denote the maps in the Umkehrmaps in the homotopy category from
(4.1) and using the Poincaré duality of E. The diagram shows that they induce the same map
up to homotopy and therefore the same on cohomology. 
Corollary 4.4. Let π : E→B be an oriented fibration of 1-connected spaces with Poincaré fibre X and
relative Sullivan model B→E′. Then efw(π) = ∆∗∆![1] ∈ Hd(E′) agrees with the fibrewise Euler class
constructed in [HLLR17] in Hd(E′)  Hd(E;Q).
Proof. Since rational homology of a space B agrees with rational stably framed bordism, it
suffices to evaluate the Euler class on bordism classes [ f : M→B, ξ] ∈ Ω f r(B) ⊗ Q, where we
can assume by performing framed surgery that M is simply connected. The construction in
[HLLR17] is natural under pullback f ∗ : Sp/B→Sp/M, and they show in section 3.2 that the
Euler class they define coincides for base spaces which are Poincaré with the class defined
using the cohomological Umkehr maps from Poincaré duality.
The class defined Definition 4.2 is natural with respect to pullbacks as well: Let f : B′→B
be a map of simply connected spaces and denote the pullback fibration by π′ : f ∗E→B′.
Let f ∗ : B→B′ be a cdga model of f . Then f ∗ E′ := B′ ⊗B E′ is a relative Sullivan model
of π′. If Π denotes a chain level representative of fibre integration then f ∗Π := B′ ⊗Π :
B′ ⊗B E′→B′ ⊗B B  B′ is a representative of fibre integration of the pullback and if ∆! denotes
a choice of lift for the Umkehr map then
f ∗∆! := B′ ⊗∆! : f ∗ E′ = B′ ⊗B E′ −→ B′ ⊗B E⊗B E[−d]  ( f ∗ E′ ⊗B′ f ∗ E′)[−d]
is a lift for the pullback which is natural with respect to f ∗. If B′ = M is a simply connected
manifold, the Euler class agrees with class defined using the cohomological Umkehr maps
from Poincaré duality by Lemma 4.3. Hence, the definitions of the fibrewise Euler class in
Definition 4.2 and in [HLLR17] are both natural and agree on rational framed bordism classes.
Therefore, our definition of the fibrewise Euler class agrees with that in [HLLR17]. 
4.1 Leray–Hirsch fibrations. In the case of fibrations π : E→B with oriented Poincaré fibre
(X, εX) which are Leray–Hirsch, i.e.where the restriction map H∗(E)→H∗(X) is surjective, the
definition of fibre integration and the fibrewise Euler class can be significantly simplified.
Surjectivity of the restriction map implies that H∗(E) is a free H∗(B)-module, and we may
denote by 1, e1, . . . , ek ∈ H∗(E) a H∗(B)-basis of the cohomology of E that restricts to a basis
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1, x1 = i∗(e1), . . . , xk = i∗(ek) ∈ H∗(X) of the fibre. IfX is a Poincaré complex of formal dimension
d, we can order the basis such that |ek| = d and all other |ei| have lower degree. Since fibre
integration is aH∗(B)-modulemap. It suffices to determineπ! on a basis and for degree reasons
π!(ei) = 0 for i < k. If we set π!(ek) = εX(xk) this restricts to the orientation on the fibre hence
determines fibre integration as
π!

k∑
i=0
bi · ei
 = εX(xk) · bk (4.2)
for bi ∈ H∗(B). Since the fibre is Poincaré, the (fibrewise) intersection pairing
〈-, -〉 : H∗(E) ⊗H∗(B) H∗(E) π!(-∪-)−→ H∗(B) (4.3)
is non-degenerate. This enables us to mimic the construction of the Euler class as the dual of
the fibrewise diagonal.
Proposition 4.5 ([RW18]). Let π : E→B be an oriented fibration with Poincaré fibre which is Leray–
Hirsch. Let e0, . . . , ek ∈ H∗(E) be an H∗(B)-module basis and denote by e#0, . . . , e#k ∈ H∗(E) the dual
basis under the non-degenerate pairing (4.3). Then the fibrewise Euler class is
efw(π) =
k∑
i=0
(−1)|ei |eie#i ∈ Hd(E;Q). (4.4)
Remark 4.6. We have already pointed out that Theorem 2.19 is particularly useful for elliptic
spaces as the models are smaller than the model of Tanré. An elliptic space X with positive
Euler characteristic is called positively elliptic and for such spaces, Halperin conjectured that
the universal 1-connected fibration BhAut0,∗(X)→BhAut0(X) is Leray–Hirsch. This is known
to be true for a large number of examples [Mei82, ST87, Tho81]. Note that a positively elliptic
space always satisfies (rational) Poincaré duality so that one can ask about Euler rings for these
spaces. Moreover, if a positively elliptic satisfies the Halperin conjecture, fibre integration and
the fibrewise Euler class are determined by (4.2) and (4.4) which is significantly easier than
the general case we have discussed before.
Example 4.7. Let X = S2n be an even dimensional sphere and recall the cdga model and fibre
integration from the Examples 2.20 and 3.4. Then 1 and x are aH∗(B hAut0(S2n);Q)-basis of the
cohomology of the total space that restricts to a basis ofH∗(S2n) on the fibre, i.e. the fibration is
Leray-Hirsch. Note that the formula for fibre integration in (4.2) gives the same result as our
construction ofΠ in Example 3.4. We can apply the above Proposition to find a representative
of the fibrewise Euler class. The dual basis with respect to the pairing induced by π! = H(Π)
is x# = 1 and 1# = x since π!(x · 1#) = π!(x2) = 0, and we find that the fibrewise Euler class is
represented by efw(π) = 2x.
5 Computations and observations
First, we combine our previous computations on the universal 1-connected fibration of an
even dimensional sphere to compute the Euler ring in this simple case.
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Proposition 5.1. The Euler ring of an even dimensional sphere is E∗(S2n)  Q[κ2] and the relations
are determined by κk2 = 2
k−1κ2k. In particular, all odd κ2i+1 vanish.
Proof. We have seen in Example 4.7 that efw(π) = 2x ∈ Λ(x, y, z4n) and in Example 3.4 that
fibre integration is given by Π(x2k) = 0 and Π(x2k+1) = zk4n. Thus κ2k = 2
1−k(23z4n)k = 21−kκk2.
Since π0(hAut+(S2n)) is trivial, the 1-connected universal fibration is the universal fibration
and the result follows. 
Of course, this is well known and there are easier ways to prove this. For example, it follows
from Example 2.20 that B hAut+(S2n) is rationally equivalent to K(Q, 4n), which reduces to
proving this statement on linear bundles.
5.1 The Euler ring of complex projective space. We start by applying the results from section
2 to get a model of the universal 1-connected fibration π : B hAut0,∗(CPn)→BhAut0(CPn) with
fibre CPn. In the following, we denote theminimal model ofCPn by Pn := (Λ(x, y), |x| = 2, |y| =
2n + 1, d = xn+1∂/∂y).
Proposition 5.2. A cdga model of the universal 1-connected CPn-fibration is given by
Bn :=
(
Q[x2, . . . , xn+1], |xi| = 2i, d = 0
) π−→ En := (Bn[x]/(xn+1 −∑n+1i=2 xi · xn+1−i), |x| = 2, d = 0).
(5.1)
In particular, the universal fibration is formal.
Proof. Note thatDer+(Pn) has a (vector space) basis given byθi := xn+1−i∂/∂y for i = 1, . . . , n+1
of degree 2i − 1 and η := ∂/∂x of degree 2. The only non-trivial differential on the derivation
Lie algebra is given by [d, η] = −(n + 1)θ1. Denote by an ⊂ Der+(Pn) the vector space spanned
by the cycles θ2, . . . , θn+1 which generate the homology. This is an abelian dg Lie subalgebra
with trivial differential and the inclusion an ֒→ Der+(Pn) induces a quasi-isomorphism of dg
Lie algebras. Hence, the inclusion induces a quasi-isomorphism of cdga’s
C∗CE(Der+(Pn);Q)
≃−→ C∗CE(an;Q)  (Q[x2, . . . , xn+1], d = 0),
where xi = (sθi)∗ and has degree 2i. Combining Theorem 2.19 with the above quasi-
isomorphism shows that
C∗CE(an;Q)
η∗−→ C∗CE(an;Pn)  (C∗CE(an;Q) ⊗ Pn,D)
is a relative Sullivan model of the universal 1-conneted fibration, where η : Q→Pn is the unit.
Here Pn is a left an-module by restricting the Der+(Pn)-action. With respect to the chosen basis
of an and the basis {xk, yxl}k,l≥0, the formulas in (2.13) are
D(x) = d(x) −
∑
i,k
(xk)∗(θi(x)) · xixk + (yxk)∗(θi(x))) · xiyxk = 0,
D(y) = d(y) −
∑
i,k
(xk)∗((θi(y))) · xixk + (yxk)∗(θi(y)) · xiyxk
= xn+1 −
n+1∑
i=2
xi · xn+1−i.
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Consider themap of Bn-algebras C : C∗CE(an;Pn)→En determined byC(y) = 0 andC(x) = x. The
cohomology of C∗
CE
(an;Pn) can be computed via the spectral sequence of a relative Sullivan
algebra corresponding to the Serre spectral sequence. The spectral sequence degenerates on
the E2-page and thus the cohomology of C∗CE(an;Pn) is a free module over H∗CE(an;Q)  Bn.
Moreover, C sends the Bn-basis {1, [x], . . . , [xn]} of H∗CE(an;Pn) to a Bn-basis of En. Hence, C is a
quasi-isomorphism of Bn-algebras and in particular of cgda’s. 
Remark 5.3. The Halperin conjecture implies that one can always find an abelian Lie subal-
gebra a of the derivations of the minimal model of a positively elliptic space as above that is
quasi-isomorphic to it. This has been explained to the author by Alexander Berglund and it
gives a shorter proof of the above statement than our original one. In particular, it implies that
the spaces in the universal 1-connected fibration are rationally equivalent to
∏N
i=1 K(Q, 2ni) so
that the universal fibration is determined by a map of polynomial rings. This was already
observed in [Kur10, Thm.1.1] with different methods. The paper [Kur10, Prop.1.3] also states
the algebraic model for complex projective spaces, which we learned after the completion of
this work.
Since the universal 1-connected fibration for CPn is Leray–Hirsch we could compute the
fibrewise Euler class in En using Proposition 4.5. But actually En is a complete intersection
over Bn and we can use this to determine the fibrewise Euler class in a simpler way, using
properties of complete intersections. More generally, the Halperin conjecture implies that
H∗(B hAut0,∗(X)) is a complete intersection over H∗(B hAut0(X)) for any positively elliptic
space [Kur10, Thm.1.1] so that we get a new description of the fibrewise Euler class in this
case. First, wewill recall some properties from [dSL97]with notation adapted to our situation.
Definition 5.4. Let B be a commutative ring. A B-algebra E is called finite if it is finitely
generated as a B-module. A finite B-algebra E is a complete intersection if there exists an
n ∈N and f1, . . . , fn ∈ B[x1, . . . , xn] such that E is isomorphic to B[x1, . . . , xn]/( f1, . . . , fn).
For any E-moduleM there is an E-module structure on the B-linear dual HomB(M,B) given
by (e · ϕ)(m) := ϕ(e · m) for e ∈ E, m ∈ M and ϕ ∈ HomB(M,B). For a finite B-algebra E
there is an isomorphism HomB(E,E)  E ⊗B HomB(E,B) so that we can define the trace of any
B-endomorphism of E via the evaluation map E⊗BHomB(E,B)→B. In particular, any element
in E defines an endomorphism by multiplication of which one can take the trace, giving an
element TrE/B ∈ HomB(E,B).
Proposition 5.5 ([dSL97]). Let B be a commutative ring and f1, . . . , fn ∈ B[x1, . . . , xn] for a non-
negative integer n. Assume that E = B[x1 . . . , xn]/( f1, . . . , fn) is a finite B-algebra. Then
(i) E is a projective B-module;
(ii) HomB(E,B) is a free of rank 1 as E-module;
(iii) there is a generator λ of HomB(E,B) as an E-module such that TrE/B = det(∂ fi/∂x j) · λ.
The equation in (iii) is the analogue for a complete intersection of the relation trf∗π(-) =
π!(efw(π) · -) between the (Becker-Gottlieb) transfer trf∗π : H∗(E)→H∗(B), fibre integration and
the fibrewise Euler class for a fibration π : E→B with Poincaré fibre X.
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We make this precise as follows: let B be a polynomial ring over Q on finitely many
generators in positive even degrees and augmentation ε. Consider a complete intersection
E = B[x1, . . . , xn]/( f1, . . . , fn) where the xi are all in positive even degree. Then E is a projective
B-module by (i) and since B is a connected graded algebra, E is a free B-module. Denote by
π : 〈E〉→〈B〉 the geometric realization [BG76, Ch.5] of a relative Sullivan model of B→E.
Theorem 5.6. Let B and E be as above. Then the homotopy fibre of π : 〈E〉→〈B〉 has the rational
homotopy type of the complete intersection X = Q[x1, . . . , xn]/( f¯1, . . . , f¯n) over Q with f¯i = ǫ ◦ fi. In
particular, X is a rational Poincaré space with an orientation defined by εX(det(∂ f¯i/∂x j)) := χ(〈X〉)
and the fibrewise Euler class is represented by
efw(π) = det
(
∂ fi
∂x j
)
∈ E. (5.2)
Proof. Consider the differential B-algebra E′ := (B⊗Λ(xi, yi),D) with |yi| = | fi| − 1 andD(yi) :=
fi. This is relative versionof apure Sullivanmodel and theB-algebramapC : E′→Edetermined
by C(yi) = 0 and C(xi) = xi is a quasi-isomorphism of differential B-algebras by the same
argument as in the proof of Proposition 5.2. Moreover, E′ and B are 1-connected Sullivan
algebras so that B→APL(〈B〉) and E′→APL(〈E′〉) are quasi-isomorphisms and hence B→E′ is
a relative Sullivan model of the fibration π : 〈E′〉→〈B〉. Because B is of finite type, the map
〈E′〉→〈B〉 is algebraic and thus a cdga model of the fibre is given byQ⊗B E′ [Tho81] which is a
pure Sullivanmodel. Hence, the homotopyfibre has the rational homotopy type of apositively
elliptic space [FHT01] with top degree generator given by det(∂ f¯i/∂x j) ∈ X [Mur93, ST87], so
that εX as defined above is a valid choice of orientation.
Note that 〈E′〉→〈B〉 is formal so that fibre integration π! : H(〈E′〉;Q)  E→H(〈B〉;Q)  B
determines a map of B-modules with respect to our choice of orientation. According to
Proposition 5.5, there is a B-module map λ : E→B satisfying (iii). It follows for degree
reasons that λ and π! agree up to a scalar in Q×. One can show that the trace and the transfer
agree using the general theory in [DP80], or by directly checking that TrE/B(x) = π!(efw(π) · x),
as has been done in [RW18, Lemma 2.3] using that E is a finitely generated free B-algebra.
Hence, if we evaluate for x = 1 we find that λ(det(∂ fi/∂x j)) = TrE/B(1) = π!(efw(π)) = χ(〈X〉),
which agreeswithπ!(det(∂ fi/∂x j)) by our choice of orientation εX. Hence, it follows thatπ! = λ
and consequently
det(∂ fi/∂x j) · π! = det(∂ fi/∂x j) · λ = TrE/B = trf∗π = efw(π) · π!
under the identification ofH∗(〈E′〉;Q) with E andH∗(〈B〉;Q) with B. The claim follows because
B-linear dual of E is a free E-module by (ii). 
We can apply the above theorem to the complete intersection in Proposition 5.2 where we
use the integral Poincaré duality to fix an orientation on CPn by εCPn(xn) = 1.
Corollary 5.7. The fibrewise Euler class in En is represented by
efw(π) = (n + 1) · xn −
n∑
i=2
(n + 1 − i) · xi · xn−i ∈ En. (5.3)
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Remark 5.8. In all examples of positively elliptic spaces X with cohomology ring H∗(X;Q) =
Q[x1, . . . , xn]/( f1, . . . , fn) we have encountered, one can always scale the functions such that
they all have integral coefficients and such thatZ[x1, . . . , xn]/( f1, . . . , fn) is a complete intersec-
tion over Z, i.e. there seems to be a distinguished choice for f1, . . . , fn. Moreover, this seems
to describe the image H∗(X;Z)→H∗(X;Q). We don’t know if this is true in general.
Finally, we are able to determine the Euler ring of complex projective spaces.
Theorem5.9. The Euler ring is generated byκ1, . . . , κn−1, κn+1 and they are algebraically independent.
Hence, E∗(CPn)  Q[κ1, . . . , κn−1, κn+1].
Proof. We can compute the Euler ring of the universal 1-connected fibration E∗0(CP
n) using
the algebraic models and the representative of the fibrewise Euler class and fibre integra-
tion. In order to extend this computation to the full Euler ring in B hAut+(CPn), we need to
study the spectral sequence of the fibre sequence B hAut0(X)→BhAut+(X)→Bπ0(hAut+(X))
which describes the universal covering of B hAut+(X). The inclusion CPn ֒→ CP∞ induces a
bijection [CPn,CPn]→[CPn,CP∞]  H2(CPn;Z) and the homotopy equivalences correspond
to generators of H2(CPn;Z). Thus π0(hAut+(CPn)) is finite and it follows by transfer that
H∗(B hAut+(CPn);Q) injects into H∗(B hAut0(X);Q). In particular, the pullback induces an
isomorphism E∗(CPn) →E∗0(CPn).
The Euler ring is defined as a subring generated by κi for i ≥ 1 and we will first identify a
finite generating set following [RW18]. Consider the Bn-endomorphism given by - · efw(π) :
En→En. As both algebras are concentrated in even degrees and En is a free Bn-module,
we can apply the Cayley–Hamilton theorem to get that efw(π) is a root of its characteristic
polynomial p(e), which is monic and of degree n + 1. The coefficients are certain polynomials
in TrEn/Bn(e
fw(π) j). Since TrEn/Bn(c) = π!((e
fw(π) · c) for all c ∈ En as discussed in the the proof of
Theorem 5.6, it follows by fibre integrating the characteristic polynomial p(efw(π)) that κn lies
in the ring generated by κ1, . . . , κn−1. The same does not hold for κn+1 because the constant
term of p(e) contains a κn+1 and fibre integrating p(efw(π)) · efw(π) will not give a new relation.
Fibre integrating p(efw(π)) · efw(π)k for k ≥ 2 expresses κn+k in terms of lower degree κi and
thus κ1, . . . , κn−1, κn+1 generate the Euler ring.
It remains to identify relations between the polynomials κi = κi(x2, . . . , xn+1) ∈ Bn which we
get by fibre integrating the representative of the fibrewise Euler class in (5.3). We will show
that they are in fact algebraically independent by showing that det(∂κi/∂x j) is non-zero. It
turns out that the polynomials representing the κi are quite complicated so that it is difficult
to give a closed formula for the determinant of the Jacobian. We will resolve this issue by
focussing on the terms containing xn+1 because it is the variable of the highest degree and
it is not contained in efw(π) so that it only arises through fibre integrating xk for k > n. It
will be sufficient to consider elements modulo decomposables, i.e. for x, y ∈ Bn then x ∼ y if
x − y ∈ (B+n )2. We will start with the following observation about fibre integration.
1. If k = 2, . . . , n + 1 then π!(xn+k) ∼ xk ∈ Bn.
Proof. Rewriting xn+2 in terms of the module basis {1, x, . . . , xn}, one can see that π!(xn+2) = x2.
Then π!(xn+k) = π!(xn+1 · xk−1) =
∑n+1
i=2 xi · π!(xn+k−i) and by induction over k, the only indecom-
posable contribution is for i = k. 
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2. For i = 1, . . . , n − 1 the highest power of xn+1 in κi(x2, . . . , xn+1) is i − 1 and the coefficient
ci ∈ Q[x2, . . . , xn] of xi−1n+1 satisfies ci ∼ i(n + 1)i(n − i) · xn+1−i.
Proof. It follows from degree considerations that the highest power of xn+1 is i − 1 and
ci = A · xn+1−i + decomposables. It remains to determine the coefficient A. When expanding
efw(π) using (5.3), the only relevant contributions are
(n + 1)i+1xn(i+1) − (i + 1)(n + 1 − (n + 1 − i))xn+1−ixn−(n+1−i) · (n + 1)ixni
=(n + 1)i+1(xn+1)i−1 · x2n−i+1 − i(i + 1)(n + 1)ixn+1−i · (xn+1)i−1 · xn
Now rewrite xn+1 =
∑n+1
i=2 xix
n+1−i and collect all terms containing xi−1
n+1 and x
i−2
n+1xn+1−i (we can
ignore the rest because it cannot contribute to A) to get
(n + 1)i+1(xi−1n+1 + (i − 1)xi−2n+1xn+1−i · xi) · x2n−i+1 − i(i + 1)(n + 1)ixn+1−i · xi−1n+1 · xn
The statement follows by fibre integrating and discarding decomposables as in 1 above. 
3. The highest contribution of xn+1 in κn+1 is (n + 1)n+2 · xnn+1.
Proof. The expression for efw(π)n+2 contains the summand (n + 1)n+2 · xn(n+2) = (n + 1)n+2 ·
(xn+1)n · xn. This is the only summand that fibre integrates to a multiple of xn
n+1, i.e.κn+1 =
(n + 1)n+2 · xn
n+1 + . . .where we can ignore all other terms. 
We can now analyze det(∂κi/∂x j) which contains the summand
∂κ1
∂xn
· ∂κ2
∂xn−1
· . . . · ∂κn−1
∂x2
· ∂κn+1
∂xn+1
.
It follows from 2 and 3 that the above expression contains C · xN
n+1, where C is a non-zero
constant and N = 12n(n − 1). This is the only possible way to get a monomial in det
(
∂κi
∂x j
)
that contains only xn+1. Hence, the determinant does not vanish and the generating set
κ1, . . . , κn−1, κn+1 is algebraically independent. 
Remark 5.10. Theorem5.9 has been studied in the smooth case for n = 2 in [RW18] by studying
the natural smooth 2-torus action on CP2 and that implies our result in this case as well. This
has been extended by Dexter Chua to n ≤ 4, but for large n the algebra becomes intractable.
Remark 5.11. ConsiderH∗(B hAut0(CPn);Q) as a module over E∗(CPn). By [Smi95, Cor.6.7.11]
it is finitely generated as a E∗(CPn)-module if and only if κ1, . . . , κn−1, κn+1 ∈ Q[x2, . . . , xn+1] 
H∗(B hAut0(CPn);Q) is a regular sequence. This can be checked by computing the radical of
(κ1, . . . , κn−1, κn+1), as for a parameter ideal the radical is the unique graded maximal ideal
H+(B hAut0(CPn);Q). With this criterion one can check that H∗(B hAut0(CPn);Q) is finite over
the Euler ring for n = 1, 2 (for n = 1 this is obvious) but not for n = 3, 4. We don’t know how to
check this condition for n ≥ 5 in general but we expect that the cohomology of B hAut0(CPn) is
not finite over the Euler ring in this case. This shows that one cannot hope to find a version of
Theorem 3.1 in [RW18] with Euler rings instead of tautological rings in order to find a lower
bound on the Krull dimensions via Torus actions.
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Weend this sectionwith the followingobservation: the naturalmapPU(n + 1)→hAut0(CPn)
induces a map between classifying spaces, and it is a classical result that H∗(B PU(n + 1);Q) 
Q[q2, . . . , qn+1] with generators of degree |qi| = 2i which are related to Chern classes. Thus
BPU(n+1) has the same rational cohomology ring as B hAut0(CPn), and in particular both are
rationally equivalent to
∏n+1
i=2 K(Q, 2i) by its intrinsic rational formality. Hence, BPU(n+ 1) ≃Q
BhAut0(CPn) and it has been shown that the natural map induces a rational equivalence.
Theorem ([Sas74, Kur11]). The natural map BPU(n+ 1) −→ BhAut0(CPn) is a rational homotopy
equivalence.
Sasao proves this statement using classical homotopy theory to study the fibration sequence
Mapιm(CP
m,CPn)→Mapιm−1(CPm−1,CPn) for m < n, where the subscript denote the connected
component of the inclusion ιm : CPm ֒→ CPn. In particular, he doesn’t just obtain results
about rational homotopy groups but also statements about the connectivity of the map. For
example, he proves that the inclusion PU(n + 1)→Mapid(CPn,CPn) induces an isomorphism
on fundamental groups and π1(PU(n + 1))  Z/(n + 1)Z. In contrast, Kuribayahshi uses
tools from rational homotopy theory as well. His result is based on a rational model of the
evaluation map hAut0(X) × X→X.
We want sketch a simple proof of this result that uses the algebraic models of the CPn-
fibrations over BhAut0(CPn) and BPU(n + 1). It will be easier to prove that the natural map
B SU(n + 1)→BhAut0(CPn) is a rational equivalence. This implies the theorem as the natural
map B SU(n + 1)→BPU(n + 1) is a rational equivalence because SU(n + 1)→PU(n + 1) is an
(n + 1)-fold normal covering.
Proof. The statement is a direct consequence of the projective bundle formulawhich describes
the algebraic structure of the projectivization of a complex vector bundle in terms of the
Chern classes. Let i : B SU(n + 1)→BU(n + 1) be the natural map induced by inclusion and
γn+1→BU(n + 1) the tautological vector bundle. Then there is an algebra isomorphism
H∗(P(i∗γn+1);Q)  H∗(B SU(n + 1);Q)[t]
/(
tn+1 +
n+1∑
k=2
(−1)ki∗ck · tn+1−k
)
where t is the Euler class of the canonical line bundle L→P(i∗γn+1) and i∗ck ∈ H2k(B SU(n+1);Q)
is the restriction of the k-th Chern class. The projectivization P(i∗γn+1) is the pullback of the
universal CPn-fibration along the natural map c : B SU(n + 1)→BhAut0(CPn). As both En and
H2(P(i∗γn+1);Q) are 1-dimensional in degree 2, the pullback of x ∈ E2n agrees with t up to a
scalar, which is 1 for our choice of orientation. It follows that c∗(xk) = −(−1)ki∗ck and hence c∗
induces an isomorphism of complete intersections. 
The above theorem has the following non-obvious consequence.
Corollary 5.12. The natural map BDiff+(CPn) −→ BhAut+(CPn) induces and injection on rational
cohomology.
Proof. Consider the composition BPU(n + 1)→BDiff+(CPn)→BhAut+(CPn) which factors
through the respective connected components of the identity. As π0(hAut+(CPn)) is finite,
the cohomology of BhAut+(CPn) injects into the cohomology of BhAut0(CPn) as the ring of
π0(hAut+(CPn))-invariants. The statement then follows from the previous theorem. 
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5.2 The Euler ring of products of odd spheres. In the following, let X be simply con-
nected and rationally equivalent to a product of (simply connected) odd dimensional spheres∏2N
i=1 S
2ni+1. Denote by F the set of all factors, then X has a minimal Sullivan model AF =
(Λ(x f ) f∈F, |x f | = 2n f +1, d = 0). We choose a total ordering < of F so that f < f ′ implies | f | ≤ | f ′|
where | f | = 2n f + 1 is the dimension of the corresponding sphere. This determines a basis
{xS :=
∏
f∈S x f }S⊂F where the product
∏
f∈S x f is with respect to the induced total order on S.
We define x∅ := 1. The dg Lie algebra of derivations of AF is graded and has the following
basis
Der+(AF) =
⊕
n≥−1
Q
{
η
f
S
∣∣∣S ⊂ (F, <), #S = n + 1 and |S| < | f |}
where |S| = ∑ f∈S | f | and η fS = xS · ∂∂x f . The bracket is given by
[η f
S
, η
f ′
S′] =

sgn(S, f, S′, f ′)η f
′
S⊔(S′\ f ) if f ∈ S′
−(−1)|η
f
S
|·|η f ′
S′ | · sgn(S′, f ′, S, f )η f
S′⊔(S\ f ′) if f
′ ∈ S
0 otherwise
where the exact formof the signs can easily beworked out butwill notmatter for the Euler ring,
and hencewe omit a discussion here. We denote the corresponding dual basis of (sDer+(AF))∨
by y f
S
. In the following, denote by BF := C∗CE(Der+(AF);Q) the cdga model of the base with
differential d and by EF := (BF ⊗ AF,D) the cdga model of the total space. Using (2.13), the we
find that the relative Sullivan model of the universal fibration is determined by
d(y f
S
) = (−1)| f |−|S|
∑
S1⊔S2=S, g∈S< f \S
sgn(S1, g, S2 ∪ g, f ) · y fS2∪gy
g
S1
D(x f ) = −
∑
S⊂S< f with |S|<| f |
y
f
S
∧ xS.
Recall that a chain level representative of fibre integration Π ∈ HomBF(EF,BF) is uniquely
determined up to homotopy by (3.3). We choose as orientation of X the homomorphism
determined by εX(xF) = 1. Since Π lowers degree by |F|, it can only be nontrivial on xF so that
setting
Π(1 ⊗ xS) :=

1 if S = F
0 otherwise
(5.4)
determines the unique element in the 1-dimensional vector space Hom−dBF (EF,BF) that satisfies
(3.3). Hence, by Proposition 3.3 is has to be a representative of fibre integration and in
particular is a cycle, which can also be easily checked. We construct a representative of
∆! : EF[−|F|]→EF ⊗BF EF[−2|F|] from section 4 to compute the fibrewise Euler class.
But first, note that the integral fibrewise Euler class of a Poincaré complex of odd formal
dimension is a 2-torsion element. From the point of view of rational homotopy theory, there
is no structural difference in the algebraic model of the universal fibration of X if #F is odd or
even, so that one can expect the following.
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Proposition 5.13. Let X be rationally equivalent to a product of odd dimensional spheres. Then the
fibrewise Euler class efw(π) ∈ H|X|(B hAut0,∗(X);Q) vanishes. In particular, E∗0(X) = Q.
Proof. Recall that the descriptionof∆! : EF[−|F|]→EF⊗BFEF[−2|F|] uses the quasi-isomorphism
Π¯ : EF→HomBF(EF,BF). BecauseAF is finite dimensional, HomBF(EF,BF) is a semifree module
itself and it is minimal because AF is a minimal Sullivan model. Hence, Π¯ and Π ⊗Π are
isomorphisms of BF-modules by uniqueness of minimal free resolutions [FHT01, Ex.8,Ch.6]
so that
∆! : EF[−|F|] Π¯−→

HomBF(EF,BF)
∆∗−→ HomBF(EF ⊗BF EF,BF)
(Π⊗Π)−1−→

EF ⊗BF EF[−2|F|].
The composition of Π¯ with the vector space isomorphism HomBF(EF,BF)  (AF)
∨ ⊗ BF
is given by ε¯X ⊗ IdBF where ε¯X : AF→(AF)∨ is the adjoint of εX : AF ⊗ AF→Q. The same
statement holds for Π ⊗Π with the appropriate choice of orientation on X × X given by
εX×X := εX ⊗ εX : (AF ⊗ AF)⊗2→Q. This is very special to the products of odd dimensional
spheres and holds because the Sullivan model is finite dimensional, which is only ever true
for this situation.
Note that ∆∗Π¯(1) is contained in (AF ⊗ AF)∨ ⊗ 1 so that (Π ⊗Π)−1∆∗Π¯(1) is in AF ⊗ AF ⊗ 1 ⊂
EF ⊗BF EF. A direct computation shows that
∆!(1) =
∑
S1⊔S2=F
±xS1 ⊗ xS2 ∈ EF ⊗BF EF
for some signs that can be worked out. Hence, the fibrewise Euler class is efw(π) = ∆∗ ◦∆!(1) =∑
S1⊔S2=F ±xF and since Π(e fw(π)) = χ(X) = 0, the summands must cancel. 
In order to understand the fibrewise Euler class inHd(B hAut+∗ (X));Q) we need to study the
universal covering spectral sequence of B hAut0,∗(X)→BhAut+∗ (X)→Bπ0(hAut+∗ (X)). We do
not yet know how to do this in general, but in some cases we can deduce that E∗(X) = Q.
Theorem 5.14. Let X be either rationally equivalent to (S2k+1)×n or a finite CW complex rationally
equivalent to S2k+1 × S2l+1 for 1 < k < l and n even. Then E∗(X) = Q.
Proof. In the second case, we will show that π0(hAut+(X)) is finite so that the universal cov-
ering spectral sequence collapses and the cohomology of BhAut+∗ (X) injects as the invariants
of H∗(B hAut∗,0(X);Q) with respect to the action of π0(hAut+0 (X)). In particular, the fibrewise
Euler class is trivial in H2(k+l+1)(B hAut+∗ (X);Q) and therefore the Euler ring is Q.
By [Sul77, Thm.10.3] the group π0(hAut+(X)) is commensurable with an arithmetic sub-
group of the homotopy classes automorphisms of AF. If X ≃Q S2k+1 × S2l+1 then the group
of automorphisms of AF modulo homotopy is Q× × Q× and the arithmetic subgroups of this
linear algebraic group are finite and hence by commensurability so is π0(hAut+(X)).
In the first case, the cdga model EF of B hAut0,∗(X) is a free algebra on x1, . . . , xn, y1, . . . , yn
with differentialD(xi) = −yi. HenceH(EF) = Q and thus BhAut0,∗(X) is rationally contractible.
Therefore, BhAut+(X)→Bπ0(hAut+(X)) is a rational equivalence and thus every class in
H∗(B hAut+∗ (X);Q) is pulled back from Bπ0(hAut
+
∗ (X)). In particular, efw(π) = H∗e for some
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e ∈ Hn·(2k+1)(Bπ0(hAut+(X));Q). By commutativity of the following diagram
BhAut+∗ (X) Bπ0(hAut
+
∗ (X))
B hAut+(X) Bπ0(hAut+(X)),
π
H
≃Q
h
the fibrewise Euler class efw(π) = H∗e = π∗h∗e is pulled back from the base. Hence, fibre
integrating powers of the fibrewise Euler class gives π!(π∗(h∗e)k) = (h∗e)k · π!(1) = 0. 
We expect that one can extend Proposition 5.13 to show that efw(π) ∈ Hd(B hAut+∗ (X);Q)
always vanishes by studying the universal fibration of XQ instead. As rationalization is
functorial there is a (continuous) map BhAut+∗ (X)→BhAut+∗ (XQ) and the Euler class in the
cohomology of B hAut+∗ (XQ) pulls back to the Euler class in B hAut
+
∗ (X). Since the homotopy
automorphism of XQ are easier to study, we expect that one can find a differential graded
algebra model of C∗(B hAut+∗ (XQ);Q), and further that one can findmodels of fibre integration
similarly as we have discussed to show that the fibrewise Euler class vanishes.
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